JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. In spite of these strong reducibility results, we prove in this paper that Peano arithmetic is not interpretable in the monadic second-order theory of the real line. Actually, we prove a stronger result which is also more convenient to prove. To formulate the stronger result we need a couple of definitions. DEFINITION 0.1. We define a first-order theory with equality which will be called the weak set theory. The signature of the weak set theory consists of one binary predicate symbol P, and the axioms of the weak set theory are as follows: It will be assumed in this paper that every first-order language is a first-order language with equality. Another natural way to generalize Definition 1.1 is to allow function symbols and in particular individual constants (which we consider to be 0-ary function symbols) in the signature a. We will in effect circumvent this generalization by restricting our attention to relational versions of first-order theories. 
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YURI GUREVICH AND SAHARON SHELAH DEFINITION 1.4. Let T and T' be first-order theories such that the signature of T consists of predicate symbols, and T' is consistent and complete. Let I be an interpretation of the signature of T in the language of T', and let U(x) be the universe formula of I. I is an interpretation of T in T' if (a) the formula 3xU(x) is a theorem of T', and (b) the I-translation of every closed theorem of T is a theorem of T'. T is interpretable in T' if there is an interpretation of T in T'. DEFINITION 1.5. Let T, T', I, and U(x) be as in Definition 1.3 except T' may be incomplete. Let T" be the extension of T' by an additional axiom 3xU( The interpretation I respects the structure M if U* is not empty, E* is an equivalence relation, and E* respects every P*. LEMMA 1.
x). I is an interpretation of T in T' if (a) T" is consistent, and (b) the I-translation of every closed theorem of T is a theorem of T". T is interpretable in T' if there is an interpretation of T in T'. It is easy to generalize

Any interpretation of a first-order theory T in a consistent complete first-order theory T' respects every model of T'.
The proof is easy. LI DEFINITION 1.8. Let a, I and L' be as in Definition 1.1, and let M, U*, E*, and P* be as in Definition 1.7. We suppose that I respects M and define a model for L which will be called the I-image of M and will be denoted I(M). Elements of I(M) are equivalence classes x/E* = {y E U*: xE*y} of E* (where x ranges over U*). If P is a predicate symbol of arity r in a then P is interpreted in I(M) as the relation ?2. Colored short chains. It will be convenient for us to deal only with first-order theories. The monadic (as well as full) second-order theory of any first-order structure can be viewed in a natural way as the first-order theory of some associated structure. In this section, we define the monadic second-order theory of a colored chain C as the first-order theory of an appropriate associated structure C and then prove that if an arbitrary first-order theory is interpretable in the monadic secondorder theory of a colored short chain, then it is one-dimensionally and universally interpretable in the monadic second-order theory of some noncolored short chain. DEFINITION 2.1. The monadic second-order theory of a chain C with colors A 0,.. ., Am -1 is the first order theory of the associated structure C = <PS(C), c, <, Empty, P Mt .m.
where PS(C) is the power set of C, c is the proper inclusion relation, < is the binary relation {({x}, {y}): x, y are elements of C and x < y in C}, Empty is the unary relation {0}, and P0,... Pm_ 1 are the singleton unary relations {A0} ,., {Am 1 }.
REMARK. The relation Empty seems superfluous because it is easily definable from the other relations, but it is needed for the composition theorem of ?4. The colors are presented in the associated structure by unary relations rather then individual constants because of our commitment to deal with relational versions of first-order theories.
We will be interested only in the monadic second-order theories of chains, and not in their first-order theories. This fact allows us the following abbreviation.
ABBREVIATION. Let C be a colored or uncolored chain. An interpretation of T in C is an interpretation of T in the monadic second-order theory of C. A first-order theory T is interpretable in C if T is interpretable in the monadic second-order theory of C.
Recall that an interpretation is called universal if its universe formula is logically true. THEOREM 2.1. If a first-order theory T is interpretable in any colored short chain, then there is a one-dimensional universal interpretation of T in some noncolored short chain.
PROOF. Let a be the signature of T. To simplify the exposition, we suppose that a consists of one binary predicate symbol P. In our application of Theorem 2. 1, T will be the weak set theory whose signature consists of one binary predicate symbol.
LEMMA 2.1. If T is interpretable in a colored chain C, then there is a universal interpretation of T in the extension of C by one additional color.
PROOF. Let I = (d, U, E, P') be an interpretation of T in C. We may suppose that both U ( 
U(X) & U(Y) & E(X, Y), and P$(X, Y, Z) is the formula 3X'Y'Z'[U(X') & U(Y') & U(Z') & E$(X, X') & E$(Y, Y') & E$(Z, Z') & P'(X', Y', Z')].
It is easy to see that J respects the structure C$ and the J-image of C$ is isomorphic to the I-image of C. Now use Theorem 1.1. Lemma 2.1 is proved. D Recall that a chain C is short if every well-ordered subchain of C is countable and every well-ordered subchain of the reverse of C is also countable. Short chains were introduced in [Gul] . The class of short chains happens to be closed under many operations.
LEMMA 2.2. The monadic theory of every colored short chain C is universally interpretable in some noncolored short chain D.
PROOF. Suppose that C is a short chain with colors A0,...,Am_1 so that the Since the composition of one-dimensional universal interpretations is a onedimensional universal interpretation, it remains to construct a one-dimensional universal interpretation of Cd in some short chain. In the rest of the proof we construct a short chain C* and a one-dimensional universal interpretation J of Cd in C*. initial segment of C' and R is the corresponding final segment C' -L; the pairs (0, C') and (C', 0) also are Dedekind cuts of C' but they are not proper Dedekind cuts. In the case C' = C, we will often omit "of C"; segments will mean segments of C, and Dedekind cuts will mean Dedekind cuts of C.
The symbol c will be used to denote proper inclusion; thus A c B means that A C B and A 0 B. As usual, the cardinality of a set or structure S will be denoted The Main Theorem is proved.
